Knowledge of the repulsive behavior of potential energy curves V (R) at R → 0 is necessary for understanding and modeling irradiation processes of practical interest. V (R) is in principle straightforward to obtain from electronic structure calculations; however, commonly-used numerical approaches for electronic structure calculations break down in the strongly repulsive region due to the closeness of the nuclei. In the present work, we show by comparison to fully numerical reference values that a recently developed procedure [S. Lehtola, J. Chem. Phys. 151, 241102 (2019)] can be employed to enable accurate linear combination of atomic orbitals calculations of V (R) even at small R by a study of the seven nuclear reactions He 2 −−⇀ ↽−− Be, HeNe −−⇀ ↽−− Mg, Ne 2 −−⇀ ↽−− Ca, HeAr −−⇀ ↽−− Ca, MgAr −−⇀ ↽−− Zn, Ar 2 −−⇀ ↽−− Kr, and NeCa −−⇀ ↽−− Zn.
I. INTRODUCTION
The interaction of high-energy particles with matter is typically modeled using pairwise potentials [see e.g. chapter 6 of ref. 1], as the dominant interactions are determined by the highly repulsive nuclear Coulomb barriers that are pairwise terms; see e.g. ref.
2 for a recent numerical demonstration for low-energy projectiles incident on copper surfaces. Most practical simulations employ the universal potential by Ziegler, Biersack and Littmark 3 (ZBL) which is based on Thomas-Fermi calculations of the repulsive barrier. However, Thomas-Fermi theory has significant shortcomings; for instance, it is well known not to bind any molecules, and a method lacking these shortcomings like Hartree-Fock (HF) or densityfunctional theory 4, 5 would certainly be more attractive.
Ab initio calculations of the diatomic potential energy curve (PEC), denoted here as V AB (R), are, however, challenging at small internuclear distances R due to the closeness of the two nuclei. In contrast to chemistry at ambient conditions, even the innermost core electrons may be significantly affected by the interaction between the two atoms: for instance, in the Ar 2 −−⇀ ↽−− Kr nuclear reaction obtained as R → 0, the two [Ne]3s 2 3p 6 electronic configurations of the argon atoms deform into the single [Ne]3s 2 3p 6 4s 2 3d 10 4p 6 configuration of the krypton atom. An extremely flexible numerical approach must be used in order to describe such changes accurately, obviously disallowing the use of pseudopotential and frozen-core approaches. Although some efforts for the ab initio description of the Coulomb barrier have been made in the literature (see e.g. refs. 2, 6-16 and references therein), the problem of facile computation of V AB (R) for R → 0 remains still unsolved in the general case.
All-electron calculations are typically undertaken within the linear combination of atomic orbitals (LCAO) approach. However, also the LCAO approach fails in this case, because the basis functions on the atoms A and B quickly become linearly dependent when R → 0. Moreover, large atomic basis sets should be used in order to a) Electronic mail: susi.lehtola@alumni.helsinki.fi allow the necessary flexibility for the core orbitals to deform in presence of the other nucleus and its electrons. But, the more functions are included in the calculations, the more linear dependencies are generated when the nuclei start coinciding, and the calculations become numerically unstable as the basis set becomes ill-behaved.
As always, fully numerical electronic structure calculations are one option, see ref. 17 for a recent review. Here, the numerical basis set can always be chosen in such a way that linear dependencies do not arise even at small R. However, fully numerical approaches carry a much higher computational cost than that of LCAO calculations using e.g. Gaussian basis sets, and may also be harder to set up. Moreover, fully numerical electronic structure programs are less-developed than Gaussian-basis ones, because the huge number of basis functions in a fully numerical approach may e.g. make sophisticated convergence algorithms untractable, 17 making it more difficult to carry out the wanted electronic structure calculations.
Despite the numerical problems encountered in standard LCAO approaches, it should be perfectly well possible to describe diatomic molecules using atomic basis sets even at small internuclear distances, because at small R the molecule looks like the compound atom that is especially easy to describe with atomic basis sets. This means that the problems in LCAO calculations should be circumventable by adopting a basis set that is adapted to the molecular geometry. (In contrast, significant distrortions to the electronic structure of atoms and molecules can be observed e.g. in strong magnetic fields as discussed in ref. 18 and references therein, in which case LCAO calculations become unreliable.)
Because the electronic structure at R → 0 may be quite far from those for which typical basis sets have been optimized, one can customize the basis set for the system by hand as in ref. 7. (Alternatively, one could also optimize a new basis set from scratch for the system.) However, given that this would lead to a different basis set for every molecule and for every molecular geometry, a systematic study of the repulsive potentials of all the elements in the periodic table would be faced with a gargantuan task for basis set generation. For instance, the PECs for all 4186 diatomic molecules from Z = 1 to Z = 92 were calculated in ref. 16 at internuclear distances ranging from R = 0.002 Å to R = 1000 Å; this is only feasible with a fully automatic approach. (Convergence to the basis set limit was not checked in ref. 16 , and we will show later in the manuscript that the values are not converged.)
In the present work, we show that the partial Cholesky decomposition algorithm recently proposed in ref. 19 presents a solution to this problem by allowing the use of standard atomic basis sets even at R → 0, since the basis function degeneracies that would otherwise prevent reliable electronic structure calculations from taking place are cleaned away automatically.
As our aim is simply to prove that the basis set limit can be reached without problem even at tiny values of R, we have chosen to study a set of seven nuclear reactions involving only closed-shell atoms:
We show that the suggested Cholesky procedure reproduces fully numerical HF reference values for the reactions, while the values reported in ref. 16 are not converged for small R. Our calculations will be described in section II and our results reported in section III. The work is briefly summarized and discussed in section IV. Atomic units are used throughout the manuscript.
II. COMPUTATIONAL DETAILS
The PEC for atoms A and B is defined as
where E A+B tot (R) is the total energy from the electronic structure calculation for the nuclei A and B separated by a distance of R, and E A el and E B el are the electronic energies of the non-interacting atoms, respectively. The total energy E A+B tot can be decomposed into a sum of the electronic energy E A+B el (R) and the nuclear repulsion energy E A+B nuc (R). Since the electronic energy of the compound
Because V AB (R) thus diverges for small R, it is typical to report the PEC in terms of a screening function
as it is more easily manipulable, having the limits Φ AB (0) = 1 and Φ AB (∞) = 0 . Although the procedure of ref. 19 can be used with any type of atomic basis set (see ref. 17 for a review thereof), Gaussian basis sets are employed in the present work. Furthermore, while the approach of ref. 19 can also be applied to density functional or post-HF calculations, the HF level of theory is used in the present work as it has been found to be sufficient for the reproduction of repulsive potentials. 9 The Erkale program 20,21 is used for the Gaussianbasis calculations. The nuclei A and B are placed in the Erkale calculations along the z axis at (0, 0, −R/2) and (0, 0, R/2), respectively, along with their atomic basis functions. Next, in order to be able to describe the compound atom (A + B) limit, basis functions for the compound atom are included in the calculation; placing the compound nucleus at the center of charge at (0, 0, (Z B − Z A )R/[2(Z B + Z A )]) leads to a vanishing dipole moment of the nuclear charge distribution, and hopefully a more accurate calculation. Once the basis functions for the compund nucleus have been added, the one-electron basis {|µ } is complete; however, it is likely overcomplete.
Next, the overlap matrix S µν = µ | ν , its eigenvalues λ i and its reciprocal condition number
are computed. If the basis set is found to be overcomplete, i.e. r is found to be smaller than the machine epsilon, the Cholesky procedure of ref. 19 is used to regularize the molecular basis set. The procedure uses a pivoted Cholesky decomposition to pick a subset of the basis functions {|µ } that spans all of the functions in the original basis set up to a predefined threshold. The resulting reduced-size basis is numerically well-conditioned, and poses no problems to electronic structure calculations which then proceed as usual. A Cholesky threshold of 10 −7 is used in the present work, and the (pruned) basis set is canonically orthogonalized 22 with a linear dependence threshold of 10 −5 . The screening function Φ(R) is computed with Erkale on a logarithmic grid consisting of 121 points ranging from R = 10 −5 Å to R = 10 Å. The Gaussianbasis values are then compared to a set of fully numerical reference values obtained with the HelFEM program. [23] [24] [25] The superposition of atomic potentials (SAP) initial guess 26 is used in all Erkale and HelFEM calculations in combination with local exchange potentials recently determined at the complete basis set limit. 27 The SAP guess correctly includes the significant Pauli repulsion between the electrons on the two nuclei at small R in contrast to its commonly-used alternatives discussed in ref. 26 , thus leading to faster convergence of the self-consistent field procedure.
Only singlet Σ wave functions are considered in the present work, in analogy to ref. 9 . In the cases of He 2 −−⇀ ↽−− Be, HeNe −−⇀ ↽−− Mg, Ne 2 −−⇀ ↽−− Ca, and HeAr −−⇀ ↽−− Ca, the large-R and small-R wave functions have the same electronic configurations: two occupied σ orbitals for He 2 and Be, four σ and one π orbital for HeNe and Mg, and six σ and two π orbitals for Ne 2 , Ca, and HeAr; each σ and π orbital fitting two and four electrons, respectively. 17 For the heavier systems, MgAr −−⇀ ↽−− Zn, Ar 2 −−⇀ ↽−− Kr, and NeCa −−⇀ ↽−− Zn, the electronic configurations are different at small R and at large R, and both states were calculated: nine σ and three π in MgAr and NeCa; seven σ, three π and one δ orbital in Zn; ten σ and four π orbitals in Ar 2 ; and eight σ, four π and one δ orbital in Kr; δ orbitals likewise fitting four eletrons. 17 The values reported correspond to the lower state in each case; for instance, the Kr configuration is lower in Ar 2 for R 0.56 Å, the state crossing depending on the used basis set.
III. RESULTS
Very accurate LCAO calculations can be performed both at small R and at large R, as in the former case a single expansion center is sufficient, and as in the latter the basis functions on the two centers do not develop strong linear dependencies. For this reason, we start off in table I by comparing the values of the screening function Φ(R) at intermediate values of R for the decontracted double-to quadruple-ζ pc-n basis sets 28 (denoted as un-pc-1, un-pc-2, and un-pc-3, respectively) as well as for the universal Gaussian basis set 29 (UGBS) to fully numerical reference values.
Examination of the data in table I shows that good results are already obtained with the double-ζ un-pc-1 basis set, while the UGBS basis set appears to reproduce values that are in-between those of the triple-ζ unpc-2 and the quadruple-ζ un-pc-3 basis set at small R. This suggests that the screening function is insensitive to polarization functions at small R; however, some polarization effects are already described by the compound nucleus basis functions included at the center of charge. As the UGBS basis set is available for most of the periodic table (and equivalent atomic basis sets can be easily generated), we choose the UGBS basis set for the rest of the work.
The However, large discrepancies in the data can be seen in the small-R region, indicating that an insufficient basis set was used in ref. 16 .
IV. SUMMARY AND DISCUSSION
We have shown by comparison to fully numerical Hartree-Fock reference values that accurate potential en- ergy curves can be reproduced with linear combination of atomic orbitals even in the strongly repulsive region at small intenuclear distances by using a recently suggested procedure 19 to eliminate linear dependencies from the basis set. The automated procedure of the present work enables the systematical calculation of screening functions along the lines of ref. 16 , but with guaranteed accuracy. The present study has been limited to non-relativistic calculations on light, closed-shell atoms. As relativistic 10 −3 10 −2.5 10 −2 10 −1.5 10 −1.25 10 −1 10 −0.75 10 −0.5 10 −0.25 10 0 effects increase rapidly in Z, 30, 31 they are more important at the compound nucleus limit R → 0 than at large R.
Note also that in contrast to usual applications to chemistry, the screening function merits from no systematic error cancellation from the substraction of atomic energies. The present procedure can, however, be straightforwardly extended to relativistic methods as well, making it possible to model the relativistic effects. Open-shell atoms as well as relativistic effects will be visited in future work. 
